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Abstract

It is easy to find out which rectangular m vertex by n vertex grids
have a Hamiltonian path from one corner to another using a checker-
board argument. However, it is quite difficult in general to count the
total number of such paths. In this paper we give generating function
answers for grids with fixed m for m = 1,2, 3,4, 5.

1 Introduction

Given a grid with m vertices in each column and n vertices in each row,
so that there are a total of mn vertices, how many Hamiltonian paths are
there from the lower left corner (LL) to the upper right corner(UR)? For
m = 1, the answer is 1 for any value of n. For m = 2, the answer is 0 if n
is even and 1 if n is odd. If we fix m = 3 then the answer is surprisingly
272, Similarly, the number of Hamiltonian paths from the LL corner to the
lower right corner (LR) of an m by n grid is 1 for m = 1; 0 if n is odd and
1 if n is even for m = 2; and 2”72 for m = 3, and n > 0. The answers
for the same questions when m = 4,5 cannot be expressed so simply. Let
f(m,n) be the number of Hamiltonian paths from the LL to the UR corner.
For m = 4,5, we provide a generating function which is the quotient of two
polynomials, and contains the sequence f(m,1), f(m,2), f(m,3), f(m,4),...
as the coefficients in its Taylor series expansion about 0.

We conjecture that a Hamiltonian path from LL to UR divides the squares
of the grid into two sets of equal size, see Conjecture 3.

Rectangular grid graphs first appeared in [8]. The problem of the exis-
tence of a Hamiltonian path from any vertex in the grid to any other vertex
(or of a Hamiltonian circuit) is studied by Itai et al. in [5]. Given a rectangu-
lar grid and two vertices, Itai et al. give necessary and sufficient conditions



for the graph to have a Hamiltonian path between the two vertices. They
also show that the general problem for nonrectangular grids is NP-complete.
Everett [2] describes an O(n) algorithm for finding Hamiltonian paths in a
large class of nonrectangular grids. In related work, Niederhausen [9] gives
recurrence relations for the number of paths in R? from the origin to (n,m)
which pass through at least [ points from a fixed lattice.

More progress has been made on the problem of enumerating Hamiltonian
cycles in grids. Myers [10] proposed an algorithm for counting the number
of Hamiltonian cycles of a specific size rectangular grid. Gobel [4] gives the
correct number of Hamiltonian cycles for a 3 x n grid and the denominator
of the generating function for the 4 x n grid. This paper also provides upper
and lower asymptotic bounds for the number of Hamiltonian cycles in the
m X n grid.

The problem is studied further by Kwong et al. in [13] and [7], and
independently by Kreweras [6]. These papers find the generating functions
for the total number of Hamiltonian cycles in a 4 x n and a 5 x n grid.
This work has been extended by Stoyan, who has shown that the number
of Hamiltonian cycles in an m x n grid for fixed m is a rational generating
function, and computed these generating functions for m <7 [12]. We adapt
the notation from [13, 7] for representing a Hamiltonian cycle as a sequence
of digits.

C. Zamfirescu and T. Zamfirescu [14] find sufficient conditions for a non-
rectangular grid graph to have a Hamiltonian cycle.

2 Describing paths in grids

Define a checkerboard coloring of an m x n grid as a bipartite coloring of
the vertices of the grid in which the LL corner is colored black, its neighbors
white, etc. Clearly a Hamiltonian path in a grid must alternate in vertex
colors. If mn is odd, the end vertices must be the same color, and if mn is
even, they must be different colors. On the other hand, if the LL vertex is
black, then if n is even, the LR vertex will be white, and if n is odd the LR
vertex will be black. If m +n — 1 is even, the UR vertex will be white, and
if m+n —1 is odd, the UR vertex will be black. This argument eliminates
any Hamiltonian paths from the LL to the LR corners when m is even and
n is odd, and any Hamiltonian paths from the LL to the UR corners when



m is even and n is even. It is easy to check that in all other cases there is at
least one Hamiltonian path from one corner to the other.

We follow the notation of Kwong et al., [7, 13], for describing a Hamil-
tonian cycle in a grid as a sequence of integers. In order to consider our
Hamiltonian path as a cycle, we add an edge along the bottom of each grid
to make a cycle. This cycle then has an an inside and an outside by the
Jordan curve theorem. Each square of the grid can be labeled with 0 if it is
outside the cycle, and 1 if it is inside. We also label the region underneath
the grid enclosed by the extra edge between corner vertices with a 1. Call
this the oval region. The infinite region is labeled with a 0. The edges of
the grid used in the Hamiltonian cycle are exactly those edges which have a
square or region labeled 1 on one side, and a square or region labeled 0 on
the other.

Each column of squares is an m—1 digit number expressed in binary, with
the bottom square having place value 2° and the top square 272, Listing
the values of the columns from left to right, we obtain a sequence with which
we represent the Hamiltonian path. The Hamiltonian path in Figure 1 (A) is
represented by the sequence 2,3,0,2,2 and in Figure 1 (B) by the sequence
3,0,3,2,2.
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Every vertex in a Hamiltonian path must have degree 2 except for the two
ends which have degree 1 inside the grid, with 1 added for the extra edge.
The top square in the first column of a grid must be labeled with a 1, because
the upper left corner vertex has degree two, and any Hamiltonian path must
use both of its edges. This separates the top square from the outside region
of zeroes. Also this square cannot be surrounded by squares labeled 0 inside
the grid, or it will be separated from the oval region labeled 1.

Figure 2 shows patterns which are forbidden inside the grid because they
would force the center vertex to have degree 4 or degree 0:
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Similarly, adjacent squares on the border of the grid are forbidden to both
be 0 if both are adjacent to the infinite region, and are forbidden to both be 1
if both are adjacent to the oval region, since the vertex on the outside of the
grid in between the squares will have zero degree, see Figure 3. In particular
the first column of a grid cannot contain consecutive squares labeled with 0.
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3 Recurrences that get us the generating func-
tions

Theorem 1 Let n > 1. Then the 3 x n grid has 2"? Hamillonian paths
from its LL corner to its UR corner and from its LL corner to its LR corner.

Proof Let f(m,n) be the number of Hamiltonian paths from the LL corner
to the UR corner of an m x n grid and g(m, n) be the number of Hamiltonian
paths from the LL corner to the LR corner of an m xn grid. Then f(3,1) =1
and ¢(3,1) = 0.

Consider the first column which is composed of two squares. The top
square in each case must be labeled with a 1. Then the bottom square can
be labeled either 0 or 1. It is now clear which edges in the first column
belong to the Hamiltonian path. See Figure 4. Then for n > 1, f(3,n) =
9g3,n—1)+f(3,n—1)and g(3,n) = f(3,n—1)+¢(3,n— 1), where the first
term in each sum corresponds to the bottom square being 1, and the second
to its being 0.



Let F(3,2) =302, f(3,n)a" and G(3,x) = 352, ¢(3,n)x". Then using
the above recurrences and initial values, we get the two equations F(3,z) =
tG(3,2) + 2F(3,2) + « and G(3,2) = «F(3,2) + «G(3,2). We solve for
F(3,2) and G(3,x) as variables and get that (1 —2z)F(3,2) = 2(1 —«) and
(1 — 22)G(3,2) = 2?. Expanding out the denominators of the generating
functions z(1—)/(1—2x) and 2*/(1 —2z) using Newton’s binomial theorem
shows that f(3,n) = ¢g(3,n) = 2"~% except when n = 1.
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Let g(z) = 2® — 72® 4+ 92* — T2? + 1. Let F(4,2) =32, f(4,n)a™ and
G(47 l’) = ZZO:I 9(47 n)xn

Theorem 2 g(z)F(4,2) = z(2* —32* + 1) and q(z)G(4,2) = 2*(2* + 1)

Proof The top square in the first column of the 4 x n grid must again be
labeled with 1. Thus the binary representation of the first column is 7, 6, 5,
or 4. The lower two squares cannot both be zero, hence the first digit cannot
be 4.

If the first digit is 5, the top square in the second column must be labeled
1 so that the top square in the first column is not separated from the rest
of the regions labeled 1. The bottom square in the second column must be
labeled 0 to avoid pattern F' in Figure 3. The middle square must therefore
be labeled 0 to avoid pattern C of Figure 2. Thus the second digit in the
binary representation must be 4. The number of ways to fill out this path is
f(4,n — 2) for LL corner to UR corner and ¢g(4,n — 2) for LL corner to LR
corner.

If the first digit is 7, then the number of ways to fill out this path is
g(4,n — 1) for LL corner to UR corner and f(4,n — 1) for LL corner to LR
corner.

We use two extra functions to get the recurrences. Let fo(4,n) (gs(4,n))
to be the number of Hamiltonian paths in an m x n grid from the LL corner
to the UR corner (LR corner) where the first column is represented by 6.



Then if the first digit of the path is 6, the second digit can be 2, 3, or 4. The
other possibilities can be eliminated by Figure 2, and the fact that the top
square in the first column labeled 1 may not be separated from the rest of
the regions labeled 1.

If the first two digits are 6,4 then the number of ways to fill out the rest
of the path is f(4,n — 2) for the LL corner to the UR corner and ¢g(4,n — 2)
for the LL corner to the LR corner.

If the first two digits are 6,3 then the third must be 6. The number of
ways to fill out the rest of the path is g(4,n — 3) for the LL corner to the UR
corner and f(4,n — 3) for the LL corner to the LR corner.

If the first two digits are 6,2 then the third digit must be 7 or 6. The
number of ways to fill out 6,2,7 is g(4,n — 3) for the LL corner to the UR
corner and f(4,n — 3) for the LL corner to the LR corner. The number of
ways to fill out 6,2,6 is fs(4,n — 2) for the LL corner to the UR corner and
ge(4,n — 2) for the LL corner to the LR corner.

This gives us the following recursions: f(4,n) = f(4,n—2)+g(4,n—1)+
fe(d,n); g(4,n) = g(4,n =2) + f(4,n— 1) + gs(4,n); fe(4,n) = f(4,n—2)+
2g(4,n—3)4+ fe(4,n—2); and gs(4,n) = g(4,n—2)+2f(4,n—3) +gs(4,n—2).

Let Fg(4,2) = 302, fe(4,n)a™ and Ge(4,2) = 302 ge(4,n)z”. Then
using initial values f(4,1) = ¢(4,2) = 1 and ¢(4,1) = f(4,2) = 0 with
f6(472) = 96(472) = 96(473) =0 and f6(473) =2,

F(4,z) = 2*F(4,2)+2G(4,7)+ Fs(4,2) + =
G4,2) = 2’G4,2)+2F(4,2) + Gs(4, )
Fs(4,7) = 2°F(4,2)+22°G(4,2) + 2 Fs(4,2) + 2°
Ge(4,7) = 2G4, 2) +22°F(4,2) + 2°Ge(4, )

We rewrite this as a matrix.

x?—1 z 1

0 F(4,2) —x
x 22 —1 0 1 Gd,z) | 0
z? 20°  2? -1 0 Fe(4,2) | | —a®
223 z? 0 2? —1 Gls(4, x) 0

The determinant of the matrix is ¢(x). We solve for F(4,z), G(4,x),
Fs(4, ), Gg(4,x) by finding the inverse of the matrix and multiplying it by

6



the column vector [—z,0, —2°,0]. We get the stated results for F(4,x) and
G(4,2) plus g(z)Fe(4,2) = —(2 — 627 + 62° — 22%) and q(2)Ge(4,2) =
— (225 — 3a1).

Let p(x) = 2™ + 22 4+ 5210 + 1827 — 242% + 1027 +302% — 462° 4+ 224 + 2843 —
Tz?—4x+1. Let r(x) = :1:(:1;10+:1;8—|—4:1;7—10:1;6—|—2:1;5—2:1;4—|—9:1;3—3:1;2—3:1;—|—1)
and s(x) = 22(—627 + 5% + 62* — 62> + 1). Let F(5,2) = 302, f(5,n)a"
and G(5,2) =302, g(5,n)x".

Theorem 3 p(z)F(5,2) = r(z) and p(z)G(5,x) = s(z)

Proof We consider the 5 x n grid. The top square in the first column must
again be labeled with 1. No two consecutive squares in the first column
can both be zero. Thus the first column can be represented by 10, 11, 13,
14 or 15. Let fa(5,n) (g2(5,n)) be the number of Hamiltonian paths that
start at the LL corner and end at the UR (LR) corner that begin with the
first column labeled 10, 11, 14, or 15. Each of 10, 11, 14 and 15 has 2 in
its binary expansion. Let fy(5,n) (g4(5,n)) be the number of Hamiltonian
paths that start at the LL corner and end at the UR (LR) corner that begin
with the first column 13, 14, or 15. Each of 13, 14, and 15 has 4 in its binary
expansion. Let fi,37(5,n) (9,47(5,n)) be the number of Hamiltonian paths
that start at the LL corner and end at the UR (LR) corner that begin with
the first column represented by 14 AND there is no 4 in the binary expansion
of the second column. Let h(5,n) be the number of Hamiltonian paths that
start at the center vertex of the leftmost column of vertices in the grid and
end at UR corner.

For each of the 9 functions we give a recurrence involving the same func-
tions. We use the initial values given in the table.

Sl ol fuug| 9 | 92|91 9143
n=1|l 1 1 1 0 01010 0 0
n=2| 1 110 0 1 1 1 0 1
n=31| 8|6 |6 2 4 1 3
n=4 12019 |11 6 23121 |16 ) 15

L. f(5,n) = fa(5,n)+ fa(5,n—2)+ f(5,n—2) The only paths not counted
in f3(5,n) are the ones that start with 13. Using the previously dis-
cussed rules we can eliminate all but 8 or 4 for the label of the second



column. If we begin 13.8 then the rest of the path can be filled out in
f(5,n—2) ways. If we begin 13,4 then the rest of the path can be filled
out in f4(5,n — 2) ways. Replacing f by g and ¢g by f in the above
gives the recurrence for g(5,n).

2. f2(57n) = f147z(5,n)—l—f2(5,n—l)—l—g(5,n—1)—|—h(5,n—l)—l—f4(5,n—2)
The first column can be labeled 10, 11, 14, or 15. If it is 10, then the
path can be filled out in f3(5,n — 1) ways. If it is 11, then the path can
be filled out in h(5,n — 1) ways. If it is 14, then it can be filled out in
f143(5,n) ways if the second column has no 4 in its binary expansion.
If there is a 4 in the binary expansion then the second column must be
labeled 4. The remaining ways to finish the path are fy(5,n —2). If it
is 15, then the path can be filled out in g(5,n — 1) ways. Replacing f
by g and ¢ by f in the above gives the recurrence for ¢g»(5,n).

3. fa(5,n) = fl47(05,m) + g(5,n — 1) + f(5,n —2) + 2f4(5,n — 2) The first
column can be labeled 13, 14, or 15. If it is 13, the second column can
be either 4 or 8. We get f4(5,n — 2) from 13,4 and f(5,n — 2) from
13,8. If it is 14, then either the second column has a 4 in its binary
expansion, or it does not. If it does not, we get f,,7(5,n) and if it does,
then the second column must be labeled 4 and we get fi(5,n — 2). If
the first column is 15, then we get g(5,n — 1). Replacing f by ¢g and ¢
by f in the above gives the recurrence for g4(5,n).

4. f14,1(57n) = f14,1(57n - 1) + f(57n - 2) + f2(57n - 2) + 92(57n - 2) +
h(5,n — 2) The second column can be labeled 2, 3, 8, 10, or 11. If it is
2, then we get fy(5,n —2). If it is 3, then we get h(5,n — 2). If it is 8,
then we get f(5,n —2). If it is 10, then we get fi,3(5,n —1). If it is
11, then we get g2(5,n — 2). Replacing f by g and ¢g by f in the above
gives the recurrence for g,,7(5,n).

5. h(5,n) = f(5,n — 1)+ g(5,n — 1) + h(5,n — 1) We must use the two
edges at each corner in any Hamiltonian path. We have three choices
for the first edge of the path: up, down, or right. If the first edge is
up, we get g(5,n — 1) ways to fill out the path, if down then f(5,n—1)
ways, and if right, then h(5,n — 1) ways.

We follow the same technique as in the previous two theorems. Let



G(5,$> = n 19(57n) G4(5,$> = Zn 194(5 n)xn
F2(57$) = 1f2(57n)$n F14,Z 571') 1f144( 7”)
Ga(5, ) = 302 192(57n)xn G14,Z(57$) =2 nt1 Y14 4( ,n)a”
H(5,2) =32, h(5,n)z"
Then
F(5,2) = Fy(5,2)+2*Fy(5,2)+2*F(5,2)
G(5,2) = Ga(5,2) 422Gy (5,7) + 22G(5,7)
Ia(5,2) = Fuz0 @)+ aFy(5,2) + 2G5, ) + 2 H(5,2) + 2*Fy(5,2) + =
G2(5,2) = Gu305,2)+2G2(5,2) + 2 F(5,2) +aH(5,2) + 22G4(5, 2)
Fy(5,2) = F,305,2) +2G(5,2) + 2 F(5,2) + 222 Fy(5,2) + z
Ga(5,2) = Guz05,0)+aF(5,2)+ 2?G (5, 2) + 22°Gy(5, z)
171471(57 r) = aly, ( o)+ 2l F(5,2) + 22 Fy(5,2) + 22Go(5,2) + 2? H (5, z)
Giy3(5:,2) = aG,3(5,2)+ 2G5, 2) + 22Ga (5, 2) + 2? Iy (5, 2) + 2 H (5, %)
HG,x) = 2 (5,2)+ 2G5, 2) + 2 H(5, )
We rewrite this as a matrix equation.
(221 0 1 0 z? 0 0 0 0 1 F(5 0
0 r?—1 0 1 0 x? 0 0 0 G(5,z)
0 z r—1 0 z? 0 1 0 x Fy(5,x)
x 0 0 =z-1 0 x? 0 1 x G2 (b, x)
2’ x 0 0 227-1 0 1 0 0 Py (5, x)
x o’ 0 0 0 22-1 0 1 0 Ga(5,x)
z? 0 z? z? 0 0 z—1 0 x? 35,2
0 z? z? z? 0 0 0 z—-1 22 G705, 2)
e x 0 0 0 0 0 0 w—1] | H{p 2
=[00 -« 0 - 000 0]

We solve for the functions

by finding the inverse of the matrix and mul-

tiplying it by the column vector [0,0,—z,0,—2,0,0,0,0]. The determinant

of the matrix is p(x)(x — 1).

To do this computation, we originally used
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Macsyma. The same computation can be done on Maple or Mathematica.
Then H(5,x) has denominator a7+ Ta® — 1022 + 322 + 42 — 1. The other
functions (except F(5,2) and G(5,2)) have denominator p(z)/(x + 1).

4 Conjectures

Let F(m,x) = Y02, f(m,n)2" and G(m,z) = 32, g(m,n)x". The hard
part of computing the rational polynomials that correspond to these functions
for m = 3,4,5 is in choosing a small enough set of related functions which
can each be described in terms of the others. It is easy to believe that some
such set of functions always does exist.

Coven, Kitchens and Silberger [1] have shown, using the transfer matrix
method (see [11]) that F/(m,x) and G(m,x) are always rational polynomials.

Conjecture 1 F(m,x) and G(m, ) are rational polynomials with the same
denominator.

The degrees of the denominators of F(k,x) and G(k,z) are 1, 8, and
12 for k = 3,4, 5 respectively. In each case, the generating functions are in
lowest terms as rational polynomials. Hence these functions cannot satisfy
any recurrence of lower degree [11]. The degree of the denominator of the
rational generating function for the number of Hamiltonian cycles in a grid
are 4 and 6 for k = 4,5 respectively, see [6, 7, 13]. Generally, the greater the
degree, the longer the recurrence and the harder it is to find.

Most of the constraints used here to find recurrences relate to the outside
border of the grid. As the grid gets bigger, these kind of constraints will have
less effect on the total number of paths. The recurrences probably become
longer and more complicated.

Conjecture 2 The degree of the denominator of F'(m,x) and G(m,x) as m
goes to oo is exponential in m.

Conjecture 3 ! Let v and u be two vertices on the outside perimeter of an
m x n grid. If a Hamiltonian path exists from v to u, add an edge between u
and v to make a Hamiltonian cycle in the resulting graph. Then the number

!This conjecture has been proved by D. Fisher using Pick’s Theorem

10



of squares inside this cycle is the same for any Hamiltonian path in the grid

between u and v. Additionally, if the smaller of the two distances from v to
u along the outside boundary cycle of the grid is d, then the minimum of the

number of squares inside the Hamiltonian cycle and the number of squares
outside the Hamiltonian cycle is (mn — 2m — 2n 4+ d + 3)/2.

The authors would like to thank Ellen Gethner for suggesting the problem

and Y. H. Harris Kwong and the referees for helpful comments.
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